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Abstract 

In order to resolve the hierarchy problem, large extra dimensions have been introduced, 
and it has been suggested that the size of extra dimensions is sub-millimeter. On the other 
hand, we assume in this paper that the cosmological constant comes from the Casimir 
energy of extra dimensions and estimate the size of extra dimensions in terms of the 
value of the cosmological constant discovered by the recent WMAP observations. We 
demonstrate that this size is consistent with the one derived from the hierarchy problem 
and propose that there may be a generic size of large extra dimensions when the number 
of extra dimensions is equal to two. 
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1. Introduction 



Large extra dimensions have been introduced in Refs.[|l]|| in order to resolve the 
hierarchy problem. The interesting possibility of their existence has stimulated much 
theoretical [0-0 and experimental research 

On the other hand, the origin of the cosmological constant has not been made clear so 
far. This is one of the most important problems in physics. Recently the WMAP project 
|J has determined accurately several parameters of our universe, for example, the age of 
universe, the density of dark matter and so on. 

In section 2 of this paper we calculate the Casimir energy derived from extra dimen- 
sions. In section 3 we assume that the Casimir energy can be identified with the cosmolog- 
ical constant, and estimate the size of extra dimensions by the use of the observed value 
of the cosmological constant. Section 4 is devoted to the conclusions, where we compare 
the size of extra dimensions corresponding to the cosmological constant problem with the 
one corresponding to the hierarchy problem. 



2. Casimir energy and cosmological constant 

We consider the d dimensional compact extra space which is the product of d spheres, 
(S 1 )®" 1 . We set that the size of every S 1 is R. The Kaluza-Klein modes of gravitons are 
generated from this space and contribute to the vacuum energy in our four dimensional 
space-time. The vacuum energy is obtained as the Casimir energy derived from the extra 
space, and is given by 
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where M 2 = An 2 J2i=i n i/R 2 an d the factor in front, (2 + d)(3 + d)/2 — 1, represents the 



number of polarization degrees of freedom for a graviton in 4 + d dimensions |K| . Since this 
integration is generally divergent, we use dimensional regularization and Eq.( |2.1] ) becomes 
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A is a parameter with mass dimension. We calculate the following infinite summations, 
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where we have used the zeta function equalities £(— 4) = £(— 2) = 0. Using Eq.( 
vacuum energy (|2.2j ) is reduced to 
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where N = yX}j=i n i- I 11 or der to take care of a divergence of the right hand side of 
Eq.(^4j), we have to regularize it. Since it is difficult to calculate it analytically,* let us 
consider a numerical method. In terms of the Fourier transformation [jl2l , N x is described 
as 
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where N = (ni, • • • ,na), q = (?i> • • • , <Zd) and q = |q|, while the infinite summation of 
exp(zN • q) is expressed by 
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From Eqs.(p.5|) and (|2.6|) , we obtain 
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where m = (mi, ■ ■ • , m^). Using this equation, the vacuum energy (|2.4j ) becomes 
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In the special cases of d, we can obtain exact results in terms of Epstein zeta functions [11]. 
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The divergence coming from the infinite summations in Eq.( |2.4|) is thus resolved and 
Eq.( plf ) converges. Calculating Eq.(^9|) numerically, we obtain 

Mi « 1.03693, M 2 ~ 4.6589, M 3 « 7.46706. (2.10) 

Substituting (|2TT0|) into Eq.i 



^~ w < _L3r)231 - 



the vacuum energies for d = 1,2,3 become 

-0.196993, d=l, 

d = 2, (2.11) 
-3.16082, d = 3. 

Note that the vacuum energies corresponding to the higher dimensions are similarly cal- 
culable. The result for every dimension turns out to be negative. 

In the following sections we will suggest that the vacuum energies correspond to the 
cosmological constant. Since the energies in ( |2.11|) are negative, we can not adopt such 
identification. So far we have considered the extra space which is (S' 1 ) , that is, the d 
dimensional compact space with a periodic boundary condition. On the other hand, if the 
extra space has a Dirichlet boundary condition, the vacuum energies may become posi- 
tive. Let us consider the d dimensional compact extra space with the Dirichlet boundary 
condition in the rest of this section. 

Since the wave function becomes a sine function on account of the Dirichlet boundary 
condition, the vacuum energy is modified from Eq.(|2.1|) to the form 
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We rewrite this equation as 
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After numerical calculations, we obtain 
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0.0165101, 
-0.0199402, 
0.00149895, 
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(2.13) 



In the results ( |2.13| ) , when the numbers of extra dimensions are even, the vacuum energies 
become positive. 
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3. The cosmological constant and the size of extra dimensions 

Recently the WMAP project has determined the several parameters of our universe 
0. Let us consider the cosmological constant by using the data given by WMAP. Since 
the Hubble constant is 

H = hx 100 [km • sec" 1 • Mpc" 1 ] 

= 0.7675 x 10" 28 [cm" 1 ], (3.1) 

where h = 0.71 (according to the WMAP observation), the critical density of universe 
becomes 



Pc = 



3H$ 



8tvG 

= 5.313 x 10 3 [eV • cm -3 ], (3.2) 

where G is the gravitation constant. WMAP gives for the total density fitot and the dark 
energy density Q\, 

fitot = 1-02 ± 0.02, 

(3.3) 

fi A = 0.73 ±0.04. 

Note that the dark energy is the same as the cosmological constant. In terms of the data 
(|3.2|) and ( p.3|) , we calculate the cosmological constant to be 

A = /Ocfitot^A 

= 3.956 x 10 3 [eV • cm" 3 ]. (3.4) 

We suggest that the cosmological constant is identified with the vacuum energy derived 
from the extra dimensions. 

In the previous section, we have obtained the vacuum energy with the positive values 
when the number of extra dimensions is even and the extra spaces have the Dirichlet 
boundary conditions. Let us transform the canonical values ( |2.13j ) of the vacuum energy 
in units of he = 1.973269 x 10 -5 [eV • cm] to the physical values. Then the vacuum energy 
is calculated to be 

E [eV ■ cm" 3 ! - — { 3 ' 25787 X 10 " 7 ' d = 2 ' (3 5) 

h [eV cm j - RA < 2 _ 957g2 x 1Q d= (3.5) 



where the unit of R is centimeter. If we identify the cosmological constant (|3.4| ) with the 
vacuum energy (|3.5| ), the size R of extra dimensions then becomes 

pr , / 0.003012, d = 2, 

R [Gm] = 1 0.001654, d = 4. (3 ' 6) 

4. Conclusions 

In Ref. @ , the scale of extra dimensions is discussed from the viewpoint of the hierarchy 
problem. The four dimensional Planck scale M p \ is related to the 4 + d dimensional one 
M pl(4+d) by Mpj ~ Mp+f +d)J R d . If we put M pl(4+d) ~ m EW ~ 1 [TeV], where m EW is an 
electro-weak scale, the size of extra dimensions then becomes 

R ~ 10^~ 17 [cm]. (4.1) 

So R has a sub-millimeter size of 10 -2 [cm] when the number d of extra dimensions is 
equal to two. If d = 4, R has a size of 10 -10 [cm]. 

On the other hand, we have adopted the suggestion that the cosmological constant can 
be identified with the vacuum energy which is the Casimir energy coming from the space of 
extra dimensions. By this identification we have calculated the sizes of extra dimensions. 
We have used the recent results given by the WMAP project. In ( |3.6| ), when the number 
d of extra dimensions equals two, the size R of extra space becomes 3.012 x 10 -3 [cm]. 
When d = 4, the size R is 1.654 x 10~ 3 [cm]. 

Comparing these sizes of extra dimensions obtained from the two independent points 
of view, that is, the hierarchy problem and the cosmological constant, the two sizes for 
d = 2 turn out to be almost consistent. So we propose that there may be the generic size 
of large extra dimensions for d = 2, which is in the range of 10- 2 -10" 3 [ cm. 

Finally let us conclude with a brief comment that our proposal also resolves the critical 
issue often raised where the enormous gap of energy scale in the hierarchy problem is just 
transmuted into an arbitrarily chosen size of large extra dimensions. 
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